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Continuation Method for Calculation
of Transonic Airfoil Flutter Boundaries
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Flutter boundaries, through variations in aerodynamic and structural dynamic parameters, are computed for
a NACA 64A006 airfoil at transonic freestream Mach numbers with pitch-and-plunge structural coupling. These
flutter boundaries are obtained with a new continuation algorithm that specifically accounts for flutter onset. The
algorithm, which is based on pseudoarclength continuation, solves an extended form of the Euler equations for the
reduced velocity at flutter onset, the corresponding base-flow solution, the destabilizing mode at flutter onset, and
the critical value of a secondary structural parameter, e.g., structural damping. The algorithm provides a relatively
automated procedure for computing flutter boundaries directly, which avoids a trial-and-error, flutter-detection
process typical of time-domain techniques. The current method is validated through comparison with indepen-
dent flutter-boundary computations. Grid-sensitivity studies are carried out to assess the numerical accuracy of

computed solutions.

Nomenclature
b,c = airfoil half-chord and chord
C,, C,, = section lift and moment coefficients
D,, D, = pitch and vertical axis spring damping coefficients
h = vertical displacement (positive up)
1, = pitch axis moment of inertia
K,, K, = pitch and vertical axis spring stiffness coefficients
m = airfoil mass per unit span
p = static pressure
Ty = radius of gyration, v/ (I, /mb?)
T = temperature
t = time
u,v = velocity components in airfoil frame
u = reduced velocity, Vi /(bwy)
Vo = freestream velocity
X,y = spatial coordinates in airfoil frame
oEQ = equilibrium angle of attack
A, = time step
Cos Cn = pitch and vertical axis structural damping ratios,
D, /[2y/(I.K.)] and Dy, /[2/(mK},))
® = frequency of destabilizing eigenmode
g = airfoil-fluid mass ratio, m /(1 ps.b?)
En = body conformal curvilinear coordinates
0 = density
w,, w, = pitch and vertical axis natural frequencies,
V(K. /1) and /(K /m)
WSUR = underrelaxationparameter (<1)
Subscripts
ea = referenced to elastic axis
i, J = location of grid point
o0 = freestream quantity
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Superscripts

time level for unsteady quantity
iteration level (nontime)

Vv =

Introduction

CCURATE and efficient determination of flutter boundariesis

an important aspect of multidisciplinarydesign. These bound-
aries can be estimated through time integration of the governing
aeroelastic equations. However, in a design environment, where a
large number of configurationsrequire examinationand the location
of flutter boundaries is unknown, time integration is unsystematic
and prohibitivelyinefficient. An efficient, direct method of comput-
ing flutter boundaries for transonic flows would be of considerable
value as a design tool and would strongly augment existing time-
integration methods.

Morton and Beran'-? developed,implemented, and validateda di-
rect method for the calculation of flutter points in two-dimensional
transonic flow. The implicit methodology, which is more exten-
sively documented in Ref. 3, provides the ability to compute di-
rectly the critical speed at which the fluid-structure system loses
stability to periodic motion, i.e., limit-cycle oscillation. Using a di-
rect method, the critical speed is precisely computed simultaneously
with the computation of a single aeroelastic solution, thereby avoid-
ing the trial-and-error application of a time-integration method to
bracket the flutter-onset speed. With airfoil grids of modest size,
Morton and Beran? demonstrated significantimprovementsin com-
putational performance of the new, direct approach over an asso-
ciated explicit, total variation diminishing scheme for flutter-speed
prediction.

The majority of recenteffortsin computationalaeroelasticityhave
involved time integration of the transonic small-disturbance, Euler
or Navier-Stokes equations. In the program CAP-TSD,* the tran-
sonic small-disturbance equations are integrated in time using ap-
proximate factorization for realistic aircraft configurations. A new
version of this algorithm, CAP-TSDV,’ exists for the aeroelastic
analysis of wings in viscous, transonic flow and employs an in-
teractive boundary-layercoupling method. Beyond potential-based
methods, algorithms for simulating fully viscous flows about three-
dimensional, aeroelastic configurations have been developed that
are based on time integration of the Navier-Stokes equations. For
example, thereexist the finite differencealgorithms ENSAERO® and
ENS3DAE’ and the finite element algorithm STARS.® Using similar
time-integration stategies, techniques based on the Euler equations
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have also been developed; an excellent review of such methods is
givenin Ref. 9.

Owing to the large computational requirements associated with
computing unsteady flows about deforming three-dimensionalcon-
figurations, recent work has been directed toward the modeling of
unsteady aeroelastic behavior with relatively small numbers of im-
portantmodes. This approachofreduced-ordermodeling, which has
beenled by Dowell,'? is based on the efficient computationof eigen-
values and eigenvectors of a truncated system, ultimately derived
through time integration of the governing equations for specified
aerodynamic and structural dynamic conditions. In contrast to the
calculation of a set of eigenmodes for specified flight conditions,
direct methods compute the destabilizing eigenmode, the critical
flight speed, and the corresponding aeroelastic state at flutter onset.

In constructing a flutter boundary, existing methods do not ac-
count for boundary shape. For example, in the computation of flut-
ter boundaries, Ref. 2 used known bifurcating solutions at specific
values of M, as initial approximationsto solutions at new values of
M., . This approachis more efficient than using trivial initial approx-
imations but does not account for local variation of critical solution
behavior with freestream Mach number, a variation that can be rapid
at subsonic freestream Mach numbers greater than about 0.85. As a
result, small increments in M, are required when tracing the flut-
ter boundary in this regime, degrading the efficiency with which a
boundary can be constructed. Time-integrationmethods suffer from
this same initialization problem.

There are two primary objectives of this work. The first objective
is to develop a technique for the efficient and direct computation
of flutter boundaries. The second objective is to validate this proce-
dure through comparison with other reported methods and through
grid-sensitivity analyses. The procedure developed herein is an ap-
plication of the pseudoarclengthcontinuation (PAC) method'" to an
expanded system of equations satisfied at flutter onset. With PAC,
system parameters are treated as variables that are computed using
constraint equations as a solution path is traced. A new blocked-
matrix procedure is developed to solve a reexpanded system con-
sisting of the flutter equations and the PAC constraint equations.
Although PAC is well suited to the computation of solution paths
with folds,'? in this paper we restrictattention to the new application
of PAC to the computation of simple paths of flutter points. These
paths will be traced through variation of structural parameters such
as mass ratio.

Analysis

The mathematicalmodel for a pitch-and-plungeairfoil in inviscid
flow is briefly summarized in this section. The original algorithm
for flutter-point computation implemented by Morton® is known as
TVDntiAE, whereas the new numerical procedure will be referred
to as BIFAE. Algorithmic modifications to TVDntiAE are briefly
described, including PAC, the chord method, and single-stage flux
evaluation. The grids used in this study are also reviewed. More
complete treatments of the mathematical and discrete models are
providedin Ref. 13.

The model of a rigid, pitch-and-plunge (typical section) airfoil
is depicted in Fig. 1. Two reference frames are defined: an inertial
referencesystem (i, j) and an airfoil-fixed reference system (é;, é;).
The airfoil is constrainedto move along the verticalinertial axis and
to rotate about an elastic axis. The aeroelastic equations are placed
in nondimensional form using ¢, V,,, and T, as length, velocity,
and temperature scales, respectively. One exception is the relative
positionofthe elasticaxisx, = r/b, wherer is the distance from the
elastic axis to the center of gravity (negative when the elastic axis
is positioned between the center of gravity and the leading edge).
The nondimensional structural equations in pitch and plunge are as
follows:

h 4 (x4/2)d + 2¢4¢2h + 2h = 2/ p,w)C 1)

P 28,12 . 4
b+ ey 2w —a) = ——Cp (@)
2 u T

where ¢; = 2r2/i?, ¢, = 2w, /(lw,), and « is the angle of attack
between the freestream velocity vector and the airfoil chordline. The

Fig.1 Schematic of pitch-and-plunge airfoil.

structural equations are taken to be linear; the vertical and torsional
springs are modeled with constant stiffness coefficients K, and K,
and constantdamping coefficients D), and D, . The static pretwist o
defines the unloaded position of the torsional spring and is specified
to vanishin this study. Equations (1) and (2) are rewritten as a system
of first-order differential equations by setting y;, = h, y; = «,
Y1 = ¥, and Y3 = y; with S = [y, y,, ¥3, y4]7 . Following Ref. 3,
the system of equations is expressed as S, = K(S, C;, C,,.,; ),
where K is a linear function of S and u is treated as a parameter.

The governing aerodynamic equations are the Euler equations,
cast in nondimensional, strong-conservation form for a general
curvilinear coordinate system. Following Morton,’ the equations
are expressed in terms of the array of conserved variables U =
[p. pu, pv, E)":
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where U = U /&y — &yny) and E and F are transformed flux
arrays.!® The aerodynamic equations are placed in discrete form
using the upwind total variation diminishing (TVD) scheme of
Harten'* and Yee,!® with a correction for grid-pointmotion. The dis-
cretization, of second-order spatial accuracy (away from extrema)
and first-order temporal accuracy, is expressed as
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The arrays E and F are modified numerical fluxes that implement
the second-orderTVD formulation. Details of their constructionare
providedin Refs. 3 and 13. Previous work reported by Morton and
Beran'? employs the numerical fluxes in a two-stage, spatially split
integrationof U, in distinctionto this work’s single-stageevaluation
of the fluxes at time level n.

The far-field boundary conditions consist of inflow and outflow
conditions. The inflow conditions are U = U, written in a time-
evolutionaryform, and the outflow conditionsare time-evolutionary
forms of the conditions p, = 0, (pu), = 0, and (pv), = 0, as well
as a freestream specification of total energy. The airfoil surface
boundary conditions consist of impermeability, the vanishing nor-
mal pressure gradient dp/dn = 0, and the adiabatic wall condition
aT /on = 0.

Equation.(4) is expressed in a field-collocated form as U, =
F(U, a, a, h; u), where U is an ordered collocation of U at all
interior and far-field grid points' and the reduced velocity is treated
as a parameter. The three structural parameters o, &, and £ affect the
aerodynamics. The unsteady term U, is a continuum representation
of the left-hand side of Eq. (4), whereas the nonlinear function F
representsa simple collocationof the right-handsides of Eq. (4) over
interior and far-field grid points. As implied earlier, flow variablesat
the airfoil surface and along the grid cut are not carried as dependent
variables but are treated as temporary variables through repeated
satisfactionof boundaryand cut conditions. The conditionsenforced
along the grid cut are described later in this section.
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The aeroelastic equations are coupled into a single time-depen-
dent system governing the interaction between structure and invis-
cid flowfield,

Y, =G u) 5)

bydefiningY = [U, S]” andG = [F, K]”.Equilibriumsolutionsof
Eq. (5) satisfy the nonlinearsystem G (¥; i) = 0 and are calculated
with either Newton’s method or the chord method [using lower-
upper (LU) decomposition],with accounttaken of the internalstruc-
ture of Gy. Newton iterates are of the form G, AY = —G", where
the correction AY is used to update the solution: Y’ +1 = Y” + AY.
With the chord method, the Jacobian is frozen at iteration N,
such that iterates v > Ngoq take the form GQ’““""‘ “'AY = —G".
Elements of Gy are computed through second-order accurate nu-
merical approximations. Convergence is evaluated with the stop-
ping criterion |G|, < 8gq, where 8gq is prescribed to be 1073
and |G|, = +/(GTG). The aeroelastic equations are also solved
through time integration of Eq. (5) to occasionally provide initial
conditions for the flutter-point analysis and to verify the stability
properties across computed Hopf points.!2 16

At a Hopf point, a steady-state solution transitions to an oscil-
latory solution with zero amplitude,'” a change in behavior used
in this work to predict the onset of limit-cycle oscillation (LCO).
For the pitch-and-plunge airfoils previously examined by Morton
and Beran,'? prediction of LCO is sufficient to describe the stabil-
ity properties of the aeroelastic system. The Hopf-point solution is
an oscillatory perturbation to an equilibrium solution Y° such that
Y =Y% 4+ ¢ Pef' as e — 0. The Jacobian at a Hopf point satisfies the
eigenproblemGy P = 8P, where § = £i®and P = P, +iP,.Two
conditions constrain P to be nontrivial’: ¢” P, =0 and ¢" P, =1,
where ¢ is a constant vector. Thus, at the equilibrium points that
are also Hopf points, an expandedsystem of equations F(X) =0 is
satisfied*:

GyP +0OP, P
q" P, u

F= G =0, X=1|Y 6)
GyP, — OP P,
q'pP,—1 ®

The expanded system (6) has been solved previously for pre-
dicting stability changes in flowfields about nonmoving structures.
Jackson'® computed low Reynolds number transition to time-peri-
odic flowfields for a number of simple geometries in two-dimen-
sional, viscous flowfields. With a Galerkin finite element methodol-
ogy, he obtained good agreement with experimental data for the
shedding frequency and critical Reynolds number associated with
flow about a circular cylinder. Using a finite difference formulation
of the Navier-Stokes equations in two dimensions, as applied to
the discretization of Eq. (6), Beran and Lutton'® obtained critical
Reynolds numbers and shedding frequencies for viscous flow about
a NACA 0012 airfoil at various angles of attack.

Morton and Beran? solved the expanded system (6) for an airfoil
with structural coupling in transonic flow to determine the flutter
speed of the aeroelastic system. They used an underrelaxed, ap-
proximate Newton method, 7', AX = —F", where F y is a defec-
tive Jacobian:

Gy (GyP); (GyP)y O P,

q" 0 0 0 0
Fr=| 0 Ga Gy 0 0 ©)
-0 (GyPy); (GyPy)y Gy —P
0 0 0 @ 0

where [ is the identity matrix and [ isan incomplete identity ma-
trix entirely composed of zero-value elements, except for diagonal
elements of unity value correspondingto the four structural dynam-
ics equations. The term F y becomes equivalentto Fx when I is
replaced with 1.

The use of a defectiveJacobian greatly facilitates the computation
of AX. However, to maintain numerical stability, underrelaxation

of the correctionis, in general, necessary: X' *! = X’ + wgur AX.
Morton and Beran? found wsyg to be constrained by flow character;
values as large as 0.5 were acceptable for fully subsonic flow, but
values below 0.1 were required in the transonic regime. Improved
convergenceproperties were obtained in this study by only applying
underrelaxationto the correction for P,: P; = Py + wsur A P,.
Iterates are continueduntil || F’|l, < Suopr (i = 1,2, 3,4, 5), where
Suopr is typically set to 10~* (sufficient to provide critical reduced
velocity to three or four digits of precision). Regular points are
computed in the neighborhood of a Hopf point and used as initial
approximations to the solution vector. The initialization of eigen-
vector components is described in Ref. 13.

Solutions presented in this paper are limited to the computa-
tion of flutter points for a symmetric NACA 64A006 airfoil with
ap = agg = 0. (Flutter-point solutions for a gq # 0 computed with
TVDntAE have been presented elsewhere?*°) As a consequence
of this specialization in agq, a more efficient version of the algo-
rithm described earlier is implemented? When oy = 0, the static
aeroelastic state is independentof it (« = h = 0). Thus, G; = 0,
thereby decoupling G (Y) = 0 from the remaining equations in the
system (6). The equilibrium solution of Y is computed using either
Newton’s method or the chord method appliedto G(Y) = 0. The re-
maining equationsof the expandedsystemare solved with a reduced
system Jacobian."?

Computing solutions of linear systems involving the matrix Gy is
inherent to the block calculation of AX (Ref. 3). With LU decom-
positionof Gy, these linear systems are solved to machine precision
in a fully implicit manner, i.e., all unknowns are updated simultane-
ously. However, the use of LU decompositionis nota viable method
for the analysis of three-dimensional flowfields, given the immense
sizeof Gy. Thus, in three dimensions,alternativemethods of solving
linearsystemsinvolving Gy mustbe explored. As recentlydescribed
by Beran and Carlson,?' block relaxation of discrete equations for
Hopf points can be performed to extend the methodology to three
dimensionsas long as the spatial decompositionis robust to physical
changes in stability at Hopf points.

BIFAE includes the ability to freeze the global time step in
both the equilibrium and Hopf-point computational procedures.
In TVDntiAE, the time step is set at the start of each iteration
to meet globally a Courant-Friedrichs-Lewy (CFL) stability cri-
terion. When numerical approximations to Jacobian elements are
computed, this time step is reevaluated as field variables are dy-
namically altered. In BIFAE, the expense of recomputing the global
time step is avoided by freezing the time step at the start of each
iterate in the computation of equilibrium points and over the entire
flutter computation.

PAC, a well-known continuationtechnique,'' is applied to the ex-
panded system of equations to yield a reexpanded system for the
flutter boundary. With PAC, a scalar equationis added to the expan-
ded system (6) to allow an existing solutionpointon the flutter boun-
dary (X)) to aid in the calculationof a neighboring solution point on
the same boundary (&). In this paper, we use PAC to obtain flutter
boundariesin two structural parameters, damping and mass ratio.

PAC is based on the existenceof a vectortangent T to the solution
path at &p. This vector lies in the space spanned by Y and the
structural-model parameter to be varied. The solution point ) is
constrained to lie in a hyperplane normal to the tangent vector a
specified distance A, away from X} in the direction given by the
tangent vector. The single degree of freedom made available by
the addition of this constraint is the value of the structural-model
parameter, designated here as y. The parameter y is treated as a
variable distinct from u#, such that both y and u are computed as
part of the PAC process. By parameterizing X’ and y by arclength
along the solution path s, we express T as [X(s), yo(s)]7. The
scalar constraint for & is then written as

N =X (X = X))+ v —v) — A, =0 ®)

The expanded system (6) is reexpanded to include the scalar equa-
tion (8), leading to Newton linearizations of the form

Fo B [ax]_ [F] ©
X()T })0 Ayl N N
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Table1 Values of grid parameters

Grid Aje Age Ay Ruax 1 J
G-A 0.0049 0.0010 0.015 10 104 15
G-B 0.0049 0.0010 0.015 10 104 31
G-1 0.0010 0.0005 0.0006 6 84 31
G-2 0.0010 0.0005 0.0006 12 84 34
G-3 0.0010 0.0005 0.0006 25 84 39
G-4 0.0010 0.0005 0.0006 6 124 31

Linear system (9) is solved for the corrections AX; and Ay, with a
new block-matrix methodology based on the existing procedure for
solving Fy AX = —F". The term F, is numerically computed
using second-order accurate approximations. Through continued
iteration, a calculated value of y, is obtained automatically. The
components of 7' are approximated with backward-difference for-
mulas using known points &, and X_,, where X lies between X_,
and &) on the solution path. The term T is approximated through
Xy~ (X —X_))/A,and yy =~ (Yo — y_1)/A,, where A; is initial-
ized once with

A=y (X=X )T (X —X )+ —y)?  (10)

The desired solution point (X}, y;) is predicted with X} ~ A, +
XU As‘ and Y1 ~ Yo + }}UAS‘

Grids with high degrees of smoothness and surface orthogonality
were constructed for the NACA 64A006 airfoil using a hyperbolic
O-grid generation algorithm developed by Kinsey and Barth.??> The
geometry of the rounded trailing edge was obtained by matching
the slope of the analytical airfoil geometry with a circular arc at
approximately 98% chord. Details are given in Ref. 3. Two grids
developed by Morton,® designated G-A and G-B, were also used in
this study for validation purposes. These grids and the new grids
developed for this study used equivalent surface descriptions.

The primary parameters specified during the grid-generationpro-
cess were leading-edgeand trailing-edgespacing (A} and A ; spac-
ing between nodes on the airfoil surface at the two edges), wall
spacing (A, ; spacing between a surface node and the first node off
the airfoil surface), domain size (R, ), and the grid dimensions /
(around the airfoil in the &-coordinate direction) and J (normal to
the airfoil in the n-coordinate direction). Parameter values for grids
used in this study are provided in Table 1. Four new grids were
generated by varying I and R, to evaluate solution sensitivity to
these parameters. Solution sensitivity to Ay, A, A, and J was not
systematicallyinvestigated. However, for the values of these param-
eters assumed herein, Morton® reported equilibrium-pointsolutions
for a NACA 0012 airfoil at angles of attack that were reasonably
grid converged.

In contrast, Morton® verified a noteworthysensitivityof C; to Rax
forequilibrium-pointcomputations. Thus, domainsize was variedin
this study to determine the value of Ry« required to obtain accurate
flutter onset predictionsin the flutter-dip regime. Grid dimension /
was also varied to evaluate the role of shock capturing in predicting
flutter speed in the flutter-dip regime. Grid G-4 was characterized
by a value of I 50% greater than that of grids G-1-G-3. The extra
nodes on the airfoil surface were clustered at midchord, near the
position of strong shock formation above about Mach 0.85. In this
region, the streamwise node spacing of grid G-4 was about a tenth
that of the other grids.

Results

Results are presented for the computation of equilibrium points
and flutter points. First, flutter boundaries in Mach number and
mass ratio are compared with those reported in the literature to
validate the new computational approach. The sensitivity of these
solutions to variation of certain numerical parameters is examined.
Performance of the chord method in obtainingequilibriumsolutions
is also assessed. Next, a variety of flutter boundaries are presented
to establish the insensitivity of solutions to grid refinement. Finally,
we describe a path of flutter points computed through variation of
structural damping.

Results are obtained using a standardized set of values for aero-
dynamic, structuraldynamic, and numerical parameters and using a

baselineconfigurationof the BIFAE algorithm. These specifications
will be assumed in the followingdiscussionsunless stated otherwise.
First, it is assumed that g = 0. The other structural parameter val-
ues are those used elsewhere??*?*: no structural damping, a mass
ratio of 125, a center of gravity at 37.5% chord with x, = —0.25,
a frequency ratio w, /w, = 0.20, and r2 = 0.25. The numerical
scheme is specified to be in time-accurate form using a frozen time
step, with a vanishing TVD dissipation parameter §; (Ref. 15) and
a global CFL number of 0.5.

Flutter boundaries for variations in freestream Mach number are
typically obtained in the following manner. For a specified grid, a
starting solution s first obtained with BIFAE using time integration.
The flowfield isinitializedto a freestreamstateat Mach 0.3, and time
integration is performed until residuals achieve an L2 norm on the
order of 1073. Continuation begins, following initialization of the
eigenvector P and constantvector g (Ref. 13). Flutter boundariesin
M, are not computed with the current version of the PAC software.
Instead, solutions are obtained at regular Mach number intervals,
using extrapolation to obtain starting approximations.

Code Validation

Solutions are now presentedfor grids G-A and G-B and compared
with solutions obtained using identical grids reported elsewhere >
First, two flutter boundaries are constructed for variation in M,
between 0.75 and 0.854 and two different values of the damping
ratios &, = ¢: 0.0 and 0.5. These boundaries are computed with
grid G-A and compared with those reported by Morton and Beran.”
Second, a flutter boundary is constructed for variation in mass ratio
s for Mach 0.85 using grid G-B. Results are compared with those
reported by Buxton and Beran** and Wu et al.??

The flutter boundaries in M, for grid G-A are shown in Fig. 2
along with the previous data computed with TVDntiAE.? Through-
out most of the Mach number range, the flutter boundary calcula-
tions are in close agreement (within approximately 1%) for both
sets of damping ratios. However, above Mach 0.84, differences are
typically within 5%; a difference of 10% is observed at a single
point Mach 0.85, ¢, = &, = 0.5). Very little of the difference is
attributable to freezing the time step during the computation of the
flutter point. When a second set of computationsis performed with
BIFAE using a dynamic time step, critical reduced velocitieschange
by less than 0.1% in comparison with the original BIFAE data. We
attribute the disparities between BIFAE and TVDntiAE to the use of
a single-stage flux evaluation in BIFAE because that is the only re-
maining difference in the discretization of the governing equations
between the two methods (the effect of flux evaluation on accu-
racy is addressed later). The BIFAE computationsrequired approx-
imately 2 h on a CPU for the case of vanishing structural damping
vs 24 h for TVDntiAE.? Correcting for differences in workstation
performance, BIFAE provides roughly a fivefold improvement in
algorithmicefficiency over TVDntiAE. Note that BIFAE achievesa
twofold improvement in the convergencerate when the time step is
frozen.

To gain an independent validation of the current method, a flut-
ter boundary computed with BIFAE for variation of mass ratio

14
12
10|
u 8f
6F H\‘N‘j
A ¢ =(,=0.0
| 1 L
0.75 0.80 0.85
Moo
Fig.2 Comparisonofflutter boundaries for two different sets of damp-
ing ratios with grid G-A: ——, BIFAE (frozen time step) and e, TVD-
ntiAE.



BERAN AND MORTON 1169

10
BIFAE
m] ENS3DAE
8 r 5 UTRANS2
v Wu et al. (Euler)
u 6|
[A)
4@ B
Il 1 1 L Il . n n ]
250 100 150 200 250 300

s

Fig. 3 Comparison of flutter boundaries for variation of mass ratio
using four different algorithms (Mach 0.85, grid G-B).

10 ¢ ——— BIFAE (CFL=0.5; 5,-0.0)
BIFAE (CFL=0.1; 3,-0.5)
ENS3DAE (Hopf)
ENS3DAE (Stable)
ENS3DAE (LCO)

u 6|
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s

Fig.4 Comparison of flutter boundaries for variation of mass ratio us-
ing different numerical parameter values and with END3DAE brackets
(Mach 0.85, grid G-B).

is compared with that predicted by methods unrelated to BIFAE.
Methodologies serving as a basis of comparison are the Wu et al.?
Euler code, the UTRANS? transonic small-disturbance code® as
reported by Wu et al.,”* and the ENS3DAE Euler/Navier-Stokes
code® as reported by Buxton and Beran®* for inviscid flow. Flut-
ter results are obtained for Mach 0.85 and a variety of mass ratios
between 100 and 300. Computations with ENS3DAE and BIFAE
employ an identical grid, G-B. ENS3DAE estimates of flutter speed
are reported as center values for a bracket about the point of sta-
bility exchange. The methods are compared in Fig. 3, and brackets
are shown in Fig. 4; close agreement is achieved by all methods.
In general, BIFAE predicts slightly higher values of flutter speed
than ENS3DAE (about 3% higher than center values and about 2%
higher than bracket tops). Note that the flutter boundary computed
with BIFAE is composed of 40 solution points computed in about
5 CPU min each. In contrast, bracketing of solution points with
ENS3DAE requires several CPU hours per point.

We now assess the effects of variation of three properties of the
BIFAE algorithm on computed flutter speed: numerical dissipation,
time step, and flux evaluation. Results from ENS3DAE serve as
a baseline for comparison; all results are obtained for Mach 0.85.
The numericaldissipationis adjusted by varying é;, a parameter ap-
pearingin the entropy correctionof the TVD scheme. In general, the
schemeis more dissipativewhen g, is increased and least dissipative
when the parameter vanishes.!”> Three values of §; are examined: 0,
0.5,and 1.0.Resultsare computed for i, = 150 and grid G-B; flutter
speeds are reported in Table 2. As §, is increased from 0, u is ob-
served to drop slightly, closer to the value bracketed by ENS3DAE.
When §; = 0, the defaultcondition,and the CFL number is reduced
from 0.5 to 0.1, u again drops slightly, closer to the value bracketed
by ENS3DAE. However, the CFL number used in the ENS3DAE
calculationis 9.0 (Ref. 24), thus suggesting that improved compar-
ison with ENS3DAE through CFL reduction is coincidental. Also,
the flutter speed predicted with grid G-B for p, = 150 is nearly
unchanged when the calculation is repeated using grid G-1 (with
8, = 0.0 and a CFL number of 0.5). As provided in Table 2, the
critical value of u for grid G-1 is found to be 5.358. Flutter bound-

Table 2  Flutter speeds for different numerical conditions at Mach
0.85 with p; =150 (flutter speed estimated with ENS3DAE is 5.175)

Grid Flux 81 CFL no. u

G-B Single 0.0 0.5 5.342
G-B Single 0.5 0.5 5.313
G-B Single 1.0 0.5 5.306
G-B Single 0.0 0.1 5.309
G-B Single 0.5 0.1 5.276
G-B Single 1.0 0.1 5.274
G-1 Single 0.0 0.5 5.358
G-A Single 0.0 0.5 6.437
G-A Single 0.0 0.1 6.518
G-A Single 0.0 0.01 6.539
G-A Single 0.0 0.001 6.542
G-A Dual 0.0 0.5 6.030
G-A Dual 0.0 0.1 6.420
G-A Dual 0.0 0.01 6.517
G-A Dual 0.0 0.001 6.528

aries computed with 1) the default set of numerical parameters and
2) the CFL number set to 0.1 with §; = 0.5 are compared with
the END3DAE results in Fig. 4. The ENS3DAE bracket is very
tight, typically covering a difference in i of 0.1. The second flutter
boundary computed with BIFAE provides a match superior to that
obtained with ENS3DAE over all values of mass ratio examined.

For a given flowfield state, the CFL number is proportional to
A,. Thus, decreases in CFL number increase the temporal accuracy
of time integration of the discrete equations. As a consequence, the
flutter speed predicted by BIFAE should be convergent to a more
accurate estimate as CFL is reduced because the time integration
and flutter analysis modes of BIFAE are fully consistent? As seen
in Table 2 for grid G-A, the sequence of flutter speedsis convergent
to about 6.54 as the CFL number is reduced to 0.001. We empha-
size that the computational work performed by the flutter analysis
mode of BIFAE is nearly independentof the CFL number, whereas
the computational work involved in time integration is inversely
proportionalto the CFL number.

As proposed earlier, differences in the flux-evaluation scheme
affect computed values of flutter speed. We evaluate differences be-
tween the single-stage (BIFAE) and dual-stage (TVDntiAE) flux-
evaluation schemes by varying the CFL number to determine the
asymptotic values of u for a small time step. Convergence should be
to equivalentasymptotic values (limited only by the discrete manner
in which the Jacobian matrices are computed and stored) because
both flux-evaluationschemesare consistent.Results are comparedin
Table 2 for grid G-A. When the CFL numberis reducedto 0.001, BI-
FAE predicts # — 6.542, whereas TVDntiAE predicts u — 6.528.
These nearly convergentvaluesof u are in excellentagreement. Fur-
thermore, BIFAE appears to converge faster to an asymptotic value
of u, indicating that, when the CFL number is 0.5, BIFAE provides
a more accurate prediction of flutter speed than TVDntiAE.

The chord method is used to compute equilibrium-point solu-
tions, which define the aerodynamic state during the computation
of flutter points. As described earlier, chord iterates are applied in
place of Newton iterates at a specified starting iterate Nepora. The
specification of Ny,.q impacts the efficiency with which equilib-
rium points are computed. The dependence of convergence rate on
Nehora 1S evaluatedby computing two equilibriumpoints with a series
of different starting iterates. These calculations are carried out with
grid G-1 for two Mach numbers, 0.31 and 0.84. Initial conditions
for the two cases are solutions at Mach 0.30 and 0.83, respectively.

Convergence histories for the chord method and Newton’s
method, as applied to the computation of the equilibrium point at
Mach 0.31, are shown in Fig. 5. Convergence is evaluated using
the L2 norm of the residual G. For Mach 0.31, the convergence of
Newton’s method is found to be superlinear between six and nine
iterations. However, beyond the ninth iteration, the convergencerate
degrades to linear, ultimately achieving a convergencerate of 0.19
at a residual norm of approximately 10~° on the 12th iteration (not
shown). The convergence properties for three values of Nyorg, 3,
6, and 7, are also shown in Fig. 5 (divergence is established for
Nupora = 4). Convergence to a residual norm of 1073 is achieved in
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Fig. 5 Convergence histories for regular point computation at Mach
0.31 using Newton’s method and the chord method (values of Nchora
given in parentheses).

7.0 70150
6.5 10.140
6.0 10.130

u 55 {0120 @
5.0 40.110
a5} H0.100
40 ‘ ‘ ‘ ‘ ' 0.090

0.3 0.4 0.5 06 07 0.8 0.9

M

oo

Fig. 6 Flutter boundary for variation of M (grid G-1).

all three casesin 23, 13, and 15 iterations,respectively(convergence
to the same norm is obtained with Newton’s method in 8 iterations).
Best performanceis observedfor Ny,q = 6. For this value of N4,
residual norms of 10~° and 10~ are obtained with 75 and 50% the
computational effort of Newton’s method, respectively.

At Mach 0.84, the chord method again is more efficient than
Newton’s method in achieving two specified residual norms. For
a residual norm of 107>, convergence is achieved with Newton’s
method in 9 iterations and in 12 and 9 iterations, respectively,
for Newora =7 and 8. For Ny =8, residual norms of 107> and
107 are obtained with 80 and 20% of the computational effort of
Newton’s method. In the latter case, the relatively poor performance
of Newton’s method reflects a very slow asymptotic convergence
rate (0.93) at a residual norm of 10~7.

Solution Sensitivity to Grid Refinement

Solutions are now presented for grid G-1, a grid with a relatively
small computational domain size. A flutter boundary, composed of
over 50 solution points, is obtained for M, ranging between 0.30
and 0.86 and is shown in Fig. 6 in terms of critical reduced velocity
and frequency ®. The profile of reduced velocity is characterized
by a shallow decline in # with increasing Mach number for values
of M, less than about 0.6. With furtherincrease in M, the critical
reduced velocity declines at a faster rate, ultimately achieving a
minimum value (over the range of M., examined) of 4.87 at M, =
0.845. The term u is observed to increase with M, between Mach
0.8475 and 0.86. (Solutions beyond Mach 0.86 were not computed
because the value of wsyr required for convergence became too
small for efficient computation.)

The effects of structural damping on flutter boundary position are
assessed by computing flutter boundaries for variationin M, using
grid G-1 with different values of the structural damping ratios: ¢,
and ¢, (assumed equal). Four sets of ratio values are compared in
Fig.7(0.0,0.25,0.50, and 1.0), along with the flutter boundariesde-
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Fig. 7 Variation of structural damping for two grids: O, G-A and
, G-1.
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Fig.8 Comparison of flutter boundaries for variation of node density
in £-coordinate direction.

scribed earlier for grid G-A. As seenin Fig. 7, reductionof structural
damping reduces u. Also, grid refinement (grid G-A to grid G-1)
reduces flutter speed, typically by at least 10%, suggesting that the
grid independence of flutter solutions needs to be established.

The evaluation of solution sensitivity to grid refinement is lim-
ited to the variation of two grid parameters: the number of nodes
composing the airfoil surface / and the domain size R,,,. When
the latter parameter is varied, the number of nodes normal to the
airfoil J is adjusted to maintain a constant grid structure near the
airfoil. Results are presented first for variation of I in Fig. 8 using
two grids: G-1 (I = 84) and G-4 (I = 124). The flutter boundaries
are computed with no structural damping and are shown between
Mach 0.70 and Mach 0.86. Extension of the boundaries to higher
Mach numbers is limited by the convergence properties of BIFAE
in this regime. Results obtained with the two grids are in excellent
agreement throughthe flutter-dipregion, with grid G-1 yieldingcrit-
ical values of u approximately 1% larger than those predicted using
grid G-4. These results suggest that  need not exceed 84 to capture
accurately the transonic dip phenomenon.

Solution sensitivity to variationsin domain size is found to be de-
pendent on structural damping. This sensitivity is evaluated using
two grids: G-1 (Ryax = 6) and G-2 (Ry,x = 12). Flutter boundaries
are obtained for three sets of damping ratios (¢, = ¢;, assumed): 0.0,
0.25, and 0.5. Results are shown in Fig. 9. For the largest value of
structural damping (0.5), the two grids yield nearly identical results
over the entire Mach number range. When ¢, = ¢, =0.25, grid G-
1 yields critical values of i within 0.5% of those predicted with
grid G-2 over the available Mach range. This maximum difference
growsto 5% whendamping isreducedto zero. Comparisonsat Mach
numbers below 0.7 (not shown) are in relatively good agreement for
all damping ratios. Solutions using grid G-2 were not obtained for
damping ratios below 0.5 and above Mach 0.815 because of the de-
creasingefficiency of BIFAE (wsyr < 0.05) underthese conditions.

At a single Mach number, 0.30, flutter speeds for grids G-1-G-4
are compared. The critical values of & are found to be 6.685 (G-
1), 6.740 (G-2), 6.742 (G-3), and 6.580 (G-4). In this low Mach
number regime, critical i is seen to have little sensitivity to Ry,
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Fig.9 Comparison of flutter boundaries for variation of domain size.
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Fig. 10 Computation of flutter boundary with PAC for structural
damping ratios between 0 and 1.

(1% increase after 300% increase in R, ) and I (2% decrease after
a 50% increasein I).

Continuation in Structural Damping

A flutter boundary is now presented for variation of structural
damping. In this PAC calculation, the following conditions are as-
sumed: ¢, = &4, Mo, = 0.30, wsyr =0.25, and A; = 0.05 (initially).
The boundary is computed with grid G-1, starting at £, = ¢, = 1.0,
continuing in the direction of decreased damping, and extending
over the range of positive damping values. For these conditions,
a flutter boundary composed of 22 points is obtained. Results are
shown in Fig. 10 in terms of the computed flutter speed and fre-
quency. Frequency is observed to increase and reduced velocity is
observedto decrease as dampingis reduced. With PAC, most points
are computed in six approximate Newton iterates of the expanded
system. In comparison, if PAC is notused, and neighboringsolution
points are used to provide initial estimates (| = X}), then 16-17
iterates per flutter solution are required to achieve convergence.

Conclusions

A continuation procedure was developed to trace the flutter
boundariesassociated with a pitch-and-plungeairfoilin the subsonic
and transonicregimes. The pseudoarclengthcontinuationprocedure
was applied to the computation of flutter boundaries by variation of
airfoil-fluid mass ratio and structural damping. Results were val-
idated against those reported in the literature and computed with
other computational procedures. The analysis was limited to the
Euler equations, thus rendering the method incapable of predicting
the effects of viscosity on flutter speed. New features for flutter-
pointcomputation,including single-stage flux evaluation, time-step
freezing, and the chord method, were successfullyimplemented and
tested, resulting in improved algorithmic performance. Solution in-
sensitivity to grid refinement was establishedin the transonic flutter-
dip region, with maximum differencesless than 5% (typically about
1%). Differences attributable to time discretization were observed
to be less than 2%; differences attributable to numerical dissipation
were found to be even less significant. Thus, given the efficiency
with which flutter boundaries were computed (a few CPU hours for
the variation of structural parameters), the procedure achieved high
accuracy.
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